We construct exact solutions of the Einstein-Dirac equation, which couples the gravitational eld with an eigenspinor of the Dirac operator via the energymomentum tensor. For this purpose we introduce a new eld equation generalizing the notion of Killing spinors. The solutions of this spinor eld equation are called weak Killing spinors (WK-spinors). They are special solutions of the EinsteinDirac equation and in dimension n = 3 the two equations essentially coincide. It turns out that any Sasakian manifold with Ricci tensor related in some special way to the metric tensor as well as to the contact structure admits a WK-spinor. This result is a consequence of the investigation of special spinor eld equations on Sasakian manifolds (Sasakian quasi-Killing spinors). Altogether, in odd dimensions a contact geometry generates a solution of the Einstein-Dirac equation. Moreover, we prove the existence of solutions of the Einstein-Dirac equations that are not WK-spinors in all dimensions n 8. Subj. Class.: Di erential Geometry. 1991 MSC: 53C25, 58G30.
Introduction
In this paper we study solutions of the Einstein-Dirac equation on Riemannian spin manifolds which couples the gravitational eld with an eigenspinor of the Dirac operator via the energy-momentum tensor. Let (M n ; g) be a Riemannian spin manifold and denote by S g its scalar curvature. The Dirac operator D acts on spinor elds , i.e., on sections of the spin 1 2 bundle over M n . We x two real parameters " = The Einstein-Dirac equation describes the interaction of a particle of spin 1 2 with the gravitational eld. In Lorentzian signature this coupled system has been considered by physicists for a long time 1 . Recently Finster/Smoller/Yau investigated these equations again (see 9] -13]) and constructed symmetric solutions in case that an additional Maxwell eld is present.
The aim of this paper is the construction of families of exact solutions of these equations, i.e, the construction of Riemannian spin manifolds (M n ; g) admitting an eigenspinor of the Dirac operator such that its energy-momentum tensor satis es the Einstein 1 see, e.g., R. Bill and J.A. Wheeler, Interaction of neutrinos and gravitational elds, Rev. Mod. Phys. 29 (1957) , 465-479. We thank Andrzej Trautman for pointing out to us this reference. equation (henceforth called an Einstein spinor). We derive necessary conditions for the geometry of the underlying space to admit an Einstein spinor. The main idea of the present paper is the investigation of a new eld equation r X = n 2(n ? 1)S dS(X) + 2 (n ? 2)S Ric(X) ? n ? 2 X + 1 2(n ? 1)S X dS equipped with the standard hermitian inner product <; >. We denote by (; ) := Re <; > its real part, which is an Euclidean product on . We identify the tangent bundle T(M) with the cotangent bundle T (M) by means of the metric g. Then the Cli ord multiplication : T(M) R (M) ?! (M) by a vector can be extended in a natural way to the Cli ord multiplication : (M) R (M) ?! (M) by a form, and we will henceforth write the usual Cli ord product as well as this extension as \ " . With respect to the hermitian inner product <; > we have < ! 1 ; 2 > = (?1) k(k+1)=2 < 1 ; ! 2 > ; 1 ; 2 2 (M) ; ! 2 k (M) (X ; Y ) = g(X; Y )j j 2 , (Z ; ) = 0 ; X; Y; Z 2 T(M):
Now we brie y describe the realization of the Cli ord algebra over R in terms of complex matrices. This realization will play a crucial role when we discuss a decomposition of the spinor bundle (Section 6) and when we deal with tensor products of spinor elds (Section 7). The Cli ord algebra Cl(R n ) is multiplicatively generated by the standard basis (e 1 ; ; e n ) of the Euclidean space R n and the following relations:
e i e j + e j e i = 0 for i 6 = j and e k e k = ?1:
The complexi cation Cl(R n ) C := Cl(R n ) R C is isomorphic to the matrix algebra M(2 m ; C ) for n = 2m and to the matrix algebra M(2 m ; C ) M(2 m ; C ) for n = 2m + 1.
In this paper we use the following realization of these isomorphisms ( Let us denote by r the Levi-Civita connection on (M n ; g) as well as the induced covariant derivative on the spinor bundle (M) and denote by D the Dirac operator of (M n ; g). Using a local orthonormal frame (E 1 ; ; E n ) we have the local formulas r E k = Remark. This principle applies in particular to non-trivial spinor elds satisfying the di erential equation D = h for some real-valued function h : M n ?! R (see 4]).
We nish this section by summarizing some formulas we need concerning di erent R ijkl E i E j E k E l ;
where S denotes the scalar curvature of (M n ; g). We recall here a basic, but very useful formula, which is stronger than the Schr for di erent metrics g and h (for details we refer to 7]): given two metrics g and h, there exists a positive de nite symmetric tensor eld h g uniquely determined by the condition h(X; Y ) = g(HX; HY ) = g(X; h g Y ), where H := p h g . Let P g and P h be the oriented orthonormal frame bundle of (M n ; g) and (M n ; h), respectively. Then the inverse H ?1 of H induces an equivariant isomorphism b g h : P g ?! P h via the assignment (E 1 ; ; E n ) 7 ?! (H ?1 E 1 ; ; H ?1 E n ): Let us now x a spin structure g : Q g ?! P g of (M n ; g) and view this spin structure as a Z 2 -bundle. Then the pullback of g : Q g ?! P g via the isomorphism b h g : P h ?! P g induces a Z 2 -bundle h : Q h ?! P h (which is, in fact, a spin structure of (M n ; h)) and a Spin(n)-equivariant isomorphism e b h g : Q h ?! Q g such that the following diagramme commutes: We will use the following formulas for the variation of the volume form and the scalar curvature S.
Lemma 2.3.(see 3]) Let (M n ; g) be compact, and, for any k 2 Sym(0; 2), denote by g+tk and S g+tk the volume form and the scalar curvature of (M n ; g + tk), respectively. eigenvalue by E (M n ; g) and the set of all the positive (resp. negative) Einstein spinors for the same eigenvalue by ES (M n ; g). Then ES (M n ; g) is a subset of E (M n ; g), but not a vector space. Consider the map A : E (M n ; g) ?! Sym(0; 2) de ned by 7 ?! 1 4 T . Then ES (M n ; g) = A ?1 fRic ? 1 2 In particular, the 1-form is exact.
Proof. Since is a solution of a rst order ordinary di erential equation on any curve in M n , does not vanish anywhere. We compute : X( ; ) = 2(r X ; ) = 2n (X)( ; ) ? 2 (X)( ; ) = 2(n ? 1) (X)( ; ):
Using a local orthonormal frame, we now verify the second relation:
Q.E.D.
Corollary 3.2. Suppose that the scalar curvature S of (M n ; g) does not vanish anywhere. Let be a positive (resp. negative) Einstein spinor with eigenvalue such that r X = n (X) + (X) + X holds for a 1-form and a symmetric (1; 1)-tensor eld and for all vector elds X. show that Riemannian manifolds admitting WK-spinors with imaginary Killing numbers exist.
In case (M n ; g) is Einstein, the above equation reduces to r X = ? n X and co- i.e., j j 2 S is constant on M n . Since j j 2 S is constant on M n , ' is a WK-spinor of WKnumber . Moreover, j'j 2 = (n?2)jSj j j and the equation Ric ? 1 2 Proof. Let be a positive (resp. negative) Einstein spinor of eigenvalue . We rst note that since S = j j 2 , the Einstein spinor has no zeros. By Lemma 3. i.e., is a WK-spinor of WK-number with S < 0 (resp. S > 0).
Integrability conditions for WK-spinors
In order to study the geometric conditions for the Riemannian manifold (M n ; g) in case it admits a WK-spinor or Einstein spinor, we rst establish some formulas that describe the action of the curvature tensor on the WK-spinor.
Lemma 4.1. Let be a non-trivial spinor eld on (M n ; g) such that r Z = n (Z) + (Z) + Z holds for a 1-form and a symmetric (1,1)-tensor eld and for all vector elds Z. Then the following relations hold for all vector elds X; Y : Theorem 4.2. Suppose that the scalar curvature S of (M n ; g) does not vanish anywhere. Let us assume that (M n ; g) carries a WK-spinor of WK-number . Then we have the identities
(ii) Theorem 4.5. Let (M n ; g) be a conformally at or Ricci-parallel Riemannian spin manifold with constant scalar curvature S 6 = 0 and suppose that it admits a WK-spinor.
Then the following two equations hold at any point of M n :
(i) 4SRic 2 + fn(n ? 3)S 2 ? 4jRicj 2 gRic ? (n ? 3)S 3 Id = 0;
(ii) 4jRicj 4 ? 4SfTr(Ric 3 )g ? n(n ? 3)S 2 jRicj 2 + (n ? 3)S 4 = 0:
In particular, the Ricci tensor is non-degenerate at any point for n 4.
Proof. We consider the case that (M n ; g) is conformally at. ; respectively. By inserting (II) into (I) we obtain the rst equation (i) of the theorem.
In particular, if n 4, the Ricci tensor is non-degenerate at any point. The equations (II) and (III) yield the second equation (ii) of the theorem.
As an immediate consequence of the preceding theorem, we shall list some su cient conditions for a product manifold not to admit WK-spinors. Later on, we shall be able to make more re ned non-existence statements for WK-spinors on product manifolds. Proof. For all the cases (i)-(iv) the Ricci tensor of the product manifold (M p N q ; g M g N ) is parallel. Moreover, one easily checks that each of these cases does not satisfy the second equation (ii) in Theorem 4.5.
Q.E.D.
We next investigate the case that (M n ; g) is conformally at and Ricci-parallel. n , the space (M n ; g) is Einstein, so every WK-spinor is a real Killing spinor and hence S > 0. In case of jRicj 2 = n 3 ? 4n 2 + 3n + 4 4(n ? 1) S 2 > n 2 ? 5n + 8 4 S 2 (n 4), we see from Lemma 4.8 that S < 0.
We are now able to construct classes of manifolds that do not admit WK-spinors. First we examine manifolds (M n ; g) admitting a parallel 1-form . Let be the dual vector Thus, n = 3. In the three-dimensional case we can diagonalize the Ricci tensor at a hence, a contradiction. Q.E.D.
We now return to the product situation already described in Corollary 4.6. It is of interest that special types of product manifolds admit Einstein spinors, but no WKspinors (see Section 7). Proof. Let be a WK-spinor of WK-number . Then r X = (X) with Theorem 5.2. Let (M n ; g) be a Riemannian spin manifold with non-vanishing scalar curvature S. If (M n ; g) admits a positive (resp. negative) Einstein spinor for an eigenvalue 0 6 = 2 R, then the following inequality holds at any point:
Proof Q.E.D.
We formulate now the main existence theorem for WK-spinors on Sasakian manifolds. We exclude the three-dimensional case (m = 1) in this section because we will study the WK-spinor equation on 3-manifolds in Section 8 in more detail. Remark. In this case the scalar curvature S = 2m m?1 > 0 is always positive. Moreover, if m = 2, the rank of the Ricci tensor equals one and if m 3, the Ricci tensor is non-degenerate.
We divide the proof of Theorem 6.6 into two steps. Theorem 6.7 relates the notion of a Sasakian quasi-Killing spinor to the notion of a WK-spinor. Q.E.D.
For the proof of the second step of our main theorem we need a special algebraic property concerning the decomposition of the spinor bundle of a Sasakian manifold.
Lemma 6.8. Let (E 1 ; E m ; ) be an arbitrary adapted frame on (M 2m+1 ; ; ; ; g) (m 3). Then we have for all '; 2 ?( 0 m ) < E p E q '; > = < E p E q '; > = 0 (1 p 6 = q m) ; < E r '; > = < E r '; > = 0 (1 r m):
In case of m = 2, the same relations are true for all '; if both belong to one of the bundles 0 or 2 .
One can prove the identities of Lemma 6.8 using an explicit representation of the Clifford algebra. 
Consequently, there exists a non-trivial section 0 of 0 with r 0 0.
In Remark. Let a = 1 2 ; b 6 = 0 in Theorem 6.9. Then the number of independent Sasakian quasi-Killing spinors of this type is, by Lemma 6.5, precisely two ( 1 2 ?( 0 ) and 2 2 ?( m )).
Following the arguments used by Friedrich/Kath we will construct Sasakian spin man- Example. Let (N 2m ; J; g) be a simply connected K ahler-Einstein manifold with scalar curvature S 6 = 0. Then there exists a U(1)-or R 1 -principal bre bundle p : Q 2m+1 ?! N 2m over (N 2m ; J; g) with the following properties: (i) Q 2m+1 has a Sasakian structure ( ; ; ; g Q ).
(ii) The Ricci tensor of (Q 2m+1 ; ; ; ; g Q ) is given by Ric Q = S 2m ? 2 g Q + 2m + 2 ? S 2m :
(iii) Q 2m+1 is simply connected and has a spin structure. where X H denotes the horizontal lift of a vector eld X on N 2m . Let (E 1 ; E 1 ; ; E m ; E m ) be a local orthonormal frame on (N 2m ; J; g) with J(E l ) = E l ; J(E l ) = ?E l and consider its horizontal lift (E If (E 1 ; E 1 ; ; E m ; E m ; ) is an adapted frame on (M 2m+1 ; ; ; ; g), then e E l := aE k ; e E l = aE l ; e = a 2 is an adapted frame on (M 2m+1 ; e ; e ; e ; e g).
Lemma 6.12. The Christo el symbols and the Ricci tensor of (M 2m+1 ; e ; e ; e ; e g) and (M 2m+1 
where M = E 1^ ^E 2p is the volume form of (M 2p ; g M ). In particular, we have 
In particular, any Ricci-parallel 3-dimensional manifold is conformally at. We discuss now its possible solutions. Suppose rst that the rank of the Ricci tensor equals two, A = 0, B 6 = 0 6 = C. Then we obtain B = C. In this case the equation 8 2 fS 2 ? 2jRicj 2 g = S 3 yields S = 0, a contradiction. Consequently, the rank of the Ricci tensor equals 1 or 3. If A 6 = 0; B 6 = 0 and C 6 = 0, we immediately conclude A = B = C, i.e., M 3 is an Einstein space with positive scalar curvature S > 0. If the Ricci tensor has rank one, we have jRicj 2 = S 2 and, therefore, we obtain 2 = ? S 8 .
We will prove that this case cannot occur. We compute the integrability conditions of this Pfa an system and, in particular, we obtain the condition Consequently, the Ricci tensor has rank 1 and S = ?2 is constant. Furthermore, a direct calculation yields the following formulas for the components R ij;k of the covariant derivative of the Ricci tensor: R 23;1 = ?R 13;2 = S 2 ? 3 (all the other R ij;k vanish). Therefore, from Theorem 8.3 (i) (in case k = 1 and l = 2) and from holds for all vectors X 2 T(M 3 ).
We nish this section by showing the existence of a WK-spinor on a 3-dimensional conformally at manifold that has non-constant scalar curvature (see Theorem 8.2).
Example. Let 
